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APPLICATION OF SEMI-INVARIANTS TO PROOF OF THE CENTRAL 
LIMIT THEOREM ON A LATTICE 


FARIDA KACHAPOVA AND ILIAS KACHAPOV 


Abstract. Statistical mechanics describes interaction between particles of a physical 
system. Particle properties of the system can be modelled with a random field on a lattice 
and studied at different distance scales using renormalization group transformation. Here 
we consider a thermodynamic limit of Ising model with weak interaction and we use semi¬ 
invariants to prove that a random field transformed by renormalization group converges 
in distribution to an independent field with Gaussian distribution as the distance scale 
infinitely increases; it is a generalization of the central limit theorem to the Ising model. 


§1. Introduction. The central limit theorem plays an important part in 
probability theory and has applications in various fields. The classical form of 
the theorem considers a sequence of independent random variables and their nor¬ 
malized sums. Here we consider a sequence of random fields of weakly dependent 
random variables on a multi-dimensional integer lattice. We are interested in the 
limiting distribution of normalized sums of these variables, similar to the sums 
in the classical central limit theorem. Such problems about weakly dependent 
variables arise in the research of renormalization group in statistical mechanics. 

The concept of renormalization group as a scale transformation was introduced 
and studied in works of Kadanoff [3], [4], Wilson and Kogut [9], Sinai [8], Yin 
[10], and others. 

Originally renormalization group was defined in terms of Hamiltonian. 
Kashapov [5] derived for a high-temperature region a rigorous formalization of 
renormalization group in terms of the Hamiltonian of a Gibbs field. Later re¬ 
search on renormalization group was based on limit theorems of probability the¬ 
ory (see [2], [8] and [1]). Sinai [8] studied auto-model distributions, which are the 
distributions invariant under the renormalization group transformations, and he 
showed that Gaussian distribution is one of them. Malyshev [6], [7] developed 
technique of asymptotic estimation of semi-invariants for cluster expansions; this 
technique can also be applied to study properties of renormalization-group trans¬ 
formations. 


1991 Mathematics Subject Classification. 82B28 Renormalization group methods; 82B44 
Disordered systems (random Ising models, random Schrodinger operators, etc.) 

Key words and phrases. Ising model; renormalization group; Gibbs measure; thermody¬ 
namic limit; weak dependence; semi-invariant; cumulant; multivariate normal distribution; 
central limit theorem. 
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In this paper we study the limits of distributions under the renormalization 
group transformations in Ising model (which is a mathematical model of a phys¬ 
ical system with many particles). We show that under some conditions the 
limiting distribution in a high-temperature region is an independent Gaussian 
distribution. We modify and apply the techniques of Malyshev [6], [7] to esti¬ 
mate semi-invariants of a random field and we use these estimations to prove a 
generalization of the central limit theorem to the Ising model. 

In Section 2 we introduce some concepts from probability theory and statistical 
physics and briefly prove some relevant lemmas. In Section 3 we state the main 
result of this paper: the central limit theorem for Ising model, with a brief 
discussion of its meaning. 

The rest of the paper develops techniques for proving the main theorem. In 
particular, in Section 4 we prove an inequality about the number of links in a 
set with a symmetric binary relation and apply it to estimate semi-invariants of 
a random field in Ising model with Gibbs measure. In subsection 5.1 we prove a 
series of lemmas, which lead to the direct proof of the main theorem in subsec¬ 
tions 5.2 and 5.3. In particular, we find an expression for the limiting variances 
in Theorem l5.1l and show equality to 0 of all other limiting semi-invariants of the 
random field transformed by renormalization group. We complete the proof of 
the main theorem by applying Carleman’s theorem to the limiting distribution. 

§2. Main concepts. 

2.1. Semi-invariants. Denote E{X) the expectation of a random variable 
X. Semi-invariant is a generalization of the concepts of expectation and covari¬ 
ance. The following is a slight modification of the definition in [6], pg. 27-33. 

Definition 2.1. Suppose Xl,X 2 ^ ... , Xm are random variables on the same 
probability space and M = {1,2,... ,m} is the set of their indices. For any 
S C M, we denote Xs = We assume that the expectation of every 

such product is finite. 

A semi-invariant (or cumulant) of random variables Xi,X 2 , ■ ■ ■ , is 
{X^,X 2 ,... .X^) = Y,{-lf-\k-l)\E{Xs,)...E{Xs,), 

a. 

where the sum is taken over all partitions a = {Si, ... , S^} of the set M. By 
a partition we mean a set of disjoint, non-empty subsets of M such that their 
union equals M. 

Notation. If / = (ii,... ,im) is a sequence or a set of indices, we denote 
{Xj) = {X.„... ,X.J. 

Semi-invariants characterize the distribution and dependence of random vari¬ 
ables. 

Example 2.1. Suppose X,Xi,X 2 and A3 are random variables. Denote pL 
the expectation of X and a the standard deviation of X. Then the following 
hold. 

1) (A) = Pi. 

2) (Ai, A 2 ) = (A 1 A 2 ) — (Ai)(A 2 ) = cov(Xi,X 2 ), the covariance of Xi and 
X 2 . 
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3) {X,X) = ( 7 ^, the variance of X. 

4) {Xi,X2,X3) = (X 1 X 2 X 3 ) - {Xi){X2X3) - {X2){XiX3) - {X3){XiX2) 

+ 2{X^){X2){X3). 

5) {X,X,X)/a^ equals the skewness of X. 

6) {X, X, X, X)/cr'^ equals the kurtosis of X. 

Lemma 2.1. 1. A semi-invariant is a symmetrical and multi-linear functional 
on random variables. 

2. If 0 < n < m and two random vectors {Xi ,... , X„) and {Xn+i, ■ • ■ , Xm) 
are independent of each other, then {Xi ,... , Xn+i, ■ • ■ , Xm) = 0 . 

3. For set M = {1,2,... , to}; 

E{Xm) = {Xm) = • • • (^5.)’ 

oc 

where the sum is taken over all partitions a = {S'!,... , 5'^} of the set M. 

Proof. 1. Follows from the definition of semi-invariants. 

Parts 2 and 3 are proven in [ 6 ]. H 

The following is a well-known lemma about semi-invariants of normal distri¬ 
bution. 

Lemma 2.2. Suppose random variables Fi,y 2 ,--- , Pm have an independent 
multivariate normal distribution and M = {1,2,... ,m} is the set of their in¬ 
dices. 

1. If k 3 and ii,... ,ik G M, then {Yii jYi^,... , P^) = 0. 

2. If i,jGM and i j, then {Yi, Yf) = 0. 

Lemma 2.3. Suppose Zi,Z 2 ,... ,Zm are independent random variables and 
each of them has the standard normal distribution. 

Suppose ui > 0, (72 > 0,... , am > 0 and Yi = OiZi (i = 1, 2,... , to). 

Then the random variables Pi,P 2 , ■ • • ,Pm satisfy the Carleman’s condition: 

00 m 

= 00 , where Au = '^{Y’f). ( 1 ) 

n—1 i—1 


Proof. Clearly, (Pf") = (2n — 1)!! for n = 1, 2,... , to. 
Denote a = max{(7i,... am}- For i = 1,... , to: 

(P,2") = (af-Zf") = < a^-{2n - 1)!! = 

By Stirling formula. 



9n, where 1 < < e. 
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So ^ 


, (2n)! 

2"n! 


V2t^ ( — 


= ma 


2n 




/- e^n (2a^Y „ /2a2 




for some positive constant ci (depending only on m), since < e. Next, 

On 


, _ j_ / 2cr^ 


2\ -2 


(A2n) ^ (Cl) ( 

for some constant C 2 > 0. Therefore 


V 


n 2 > 


C2 

\/n 


oo oo 

^ (^ 2 ™)“^ ^ ^ = 00 . 

1 1 
n=l n=l 


Lemma 2.4. Suppose M = {1,2,... , m} and random variables Xi, X 2 ,... , 
Xm satisfy the following conditions: 

for S and ii,... ,ik £ M, {Xi^,Xi^,... ,Xi^) = 0; 
for i,j G M, i^ j, {Xi,Xj) = 0. 

Then Xi,X 2 ,... ,Xm have an independent multivariate normal distribution. 

Proof. Denote = (Xi), af = {Xi,Xi) and Vi = Xi — pi (i = 1,2,... , m). 
Then {Vi) = 0 for each i = 1, 2,... , m. Other corresponding semi-invariants are 
the same for the random vectors {Xi,X 2 , ■ ■ ■ , Xm) and (foi, V 2 , ■ • ■ , fon)- 

Consider independent random variables Zi,Z 2 ,... ,Zm, where each Zi has 
the standard normal distribution, and denote Yi = OiZi. By Lemma |2.21 corre¬ 
sponding semi-invariants are the same for the random vectors (Vi, V 2 , ■ ■ ■ , Vm) 
and {Yi,Y 2 ,... ,Tm)- Semi-invariants uniquely determine moments. So corre¬ 
sponding moments are also the same for the random vectors {Vi ,V 2 , ■ ■ ■ , Vm) and 
(Fi,y 2 , • ■ • ,Ym). By Lemma [2.31 these moments satisfy the Carleman’s condi¬ 
tion and by Carleman’s theorem, (foi, V 2 ,... , Vm) and (Yi, F 2 , ■ • ■ , Ym) have the 
same probability distribution. 

Therefore, the random variables Yi,V 2 ,... ,Vm have an independent multi¬ 
variate normal distribution. Since each Xi = V + pi, the random variables 
Xi, X 2 ,... , Xm also have an independent multivariate normal distribution. H 
2.2. Ising model. For the rest of the paper we fix a natural number v ^ 1 
and consider a i/-dimensional integer lattice: 

IT = {{ti,... ,ty) \tiGZ,i = l,... ,v) 
with the distance between any two points given by: 

I' 

Pis,t) = X! I®* “ ^*1- 
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R = {{s,0 I G & p{s,t) = 1}. R is the set of all pairs of neighbouring 
nodes in the lattice 

n = {uj\uj ■.’L'' ^ {- 1 , 1 }}- 

We associate with each t G Z"^ a function >■{—1,1} such that for each 

uj G Hi 

Qt{uj) = 

The following is the definition of an Ising model with no interaction with 
external helds and with a constant strength of interaction along the lattice; it is 
a particular case of the definition in [6]. 

Definition 2.2. We hx a real number A and a natural number N ^ 1. 

An Ising model with parameters A and is a triple of objects (A^r, Un), 
which are dehned as follows. 

1. Aat = {t G Z"^ I for each i = 1,2,... , |ti| < A^l. Thus, Aat is a cube in 
ir. 

2. flAT = {(5 I d : Aat —>■ {—1,1}}. Elements oi flN are called configurations or 
states. 

3. Denote Rn = {{c, s} G i? | r, s G An}- Rn is the set of all pairs of neigh¬ 
bouring nodes in the cube An- 

Function Un : —>■ M is defined by the following: 

UNiuj) =—X w(r)w(s). 

{r,s}eRN 

This completes the dehnition of Ising model. 

The Ising model describes a physical system with many particles represented 
by nodes of the cube Ajv in the integer lattice; Hat is the set of all states of the 
system, function Un characterizes the interaction energy of the system and |A| 
is proportional to the inverse temperature of the system. The parameter A also 
characterizes the strength of interaction between particles, and we assume that 
only neighbouring particles interact. 

The Ising model with A = 0 describes a physical system with no interaction 
between its elements, e.g. ideal gas. The Ising model with A > 0 describes 
the ferromagnetic system and the Ising model with A < 0 describes the anti¬ 
ferromagnetic system. 

2.3. Gibbs Measure. The definition of Gibbs measure can be found in [2]. 
Since it is important for our paper, we also provide the definition. 

Definition 2.3. For the Ising model we define the associated probability space 
{I},Y,n,P\.n) as follows. 

1. The sample space is the set il as defined before. 

2. The sigma-algebra Eat of events consists of all finite unions of the sets: 

Ai = (w G I (Vt G AAr)(w(t) = d{t))},6 G IIat- 

3. Un ■ ^N ^ ^ is defined by the following: 

UN{d) = Un{oj) for w G As- 

The dehnition is valid because Un{oji) = Gat( 012 ) for any a;i,u ;2 G As- 
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4. The probability of event As is defined by: 

= where S= ^ (2) 

5' ^Q,n 

This generates the probability measure Pa,a on all events in Ejv, which is 
called Gibbs measure on the cube A^r. The formula ([2]) ensures that P\^Ni^) = !> 
since n = This completes the definition of the associated probability 

space. 

Un{S) characterizes the energy of configuration <5 of the cube A^. We denote 
, •)a,a the semi-invariants with respect to the Gibbs measure Px,n- 

Clearly, {Qt \ t G A^} is a random field on the associated probability space. 

Lemma 2.5. Suppose A = 0. Then the following hold. 

1- Po.A (Qti = oi,... , Qt^ = Qm) = for any oi,... , a™ G {1,-1} and 
distinct points ti,... ,tm ^ Apf. 

{Qt I t G A^vj is an independent random field with respect to Pq^n- 

3. The distribution of the random field {Qt \ t G Ajv} with respect to the Gibbs 
measure Po,a does not depend on N. 

4- For any t G {Qt)o = 0. 

5. For any m 1 and distinct ti,... ,tm G , {Qti ■ ■ ■ ■ ■ Qt^)o = 0. 

6. If m is odd and ti,... ,trn S then {Qt^ ■ ■ Qt^)o = 0. 

Due to part 3, semi-invariants of variables Qt{t G A^v) with respect to measure 
Pq^n do not depend on N and we denote them with (•,... , •)o. 

Proof. Suppose A = 0. Then for any 6 G Un{S) = 0. There are 
IHatI = configurations in where jA^vl = (2N lY is the number of 

points in the cube Ajv. 

So for any S € Hn- 

= W\=W- 

For any t £ Ajsf. 

Po,N{Qt = 1) = Po.A ( U Ai 
\{-5:-5(i) = l} 

Thus, for any t G A at: 


1 

2' 


_ 2|AAr| —1 


2l^A^I 


Po,N{Qt = 1 ) = Po,N{Qt = — 1 ) 


(3) 
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Consider oi,... , Om € {1, —1} and distinct points ti,... ,tm G A^v- 
{,Qti — ai, • ■ • , Qtm — ^m} — 

-Po.A (U{A5 I ^(tl) =ai,... ,S(tm) = Am}) 

- m 

= 2'''"'"” ^ 5PM = = n A,»«3.. = «.) 

by ©. This proves parts 1 and 2 of the lemma, and part 3 follows from part 1. 

4. It follows from ([3]). 

5. By part 2, Qtu ■ • ■ ; Qtm independent, so by part 4, 

(Qti • ... • Qtm)o = {Qti)o ■ ■ ■ ■ ■ {Qtm)o = 0. 

6. If ti ^ 2 ; then Qt^ * Qt 2 f and Qti * Qt 2 ' Qt^ * •.. ■ Qtm Qts * ■.. * Qtm' 
Therefore we can remove pairs of variables with equal indices from the product: 

Qti ■ Qt 2 ■ ■ • ■ ■ Qtm ~ Qti^ ■ ■ Qti^, ; 

where the remaining are distinct; the resulting product contains at 

least one multipler, since m is odd. So {Qti-Qt 2 ‘■ ■ ■'Qtm)tt = (Qtii •• ■ = 0 

by part 5. H 

Lemma 2.6. Suppose f : 'L'^ ^ 1/ is a bijection; - Qm G etnd 

Si = f(ti) for 1 = 1,2,... ,m. Then the random vectors (Qtx , Qt 2 ^ • ■ • j Qtm) 
(Qsi, Qs 2 ^ ■ • ■ ) Qsm) have the same distribution with respect to measure Pq^n- 

Proof. Consider 01 , 02 ,... , 0 ^ G {—1,1}. If there is a pair ti = tj with 
Qi Qj, then Si = Sj and 

Pq.N {Qti — ai, . . . , Qtm — ^m) — 0 — Pq.N {Qsi — ai, . . . , Qsm — ^m) ■ 

Otherwise let us write the points ti,... ,tm without repetitions: ti.^,... ,ti^. 
Then the points ... , Si^, are also distinct. So by Lemma 12.51 11 we have: 

Pq.n (.Qtt — ai,... , Qtm — ^m) — Pq^n (^Qti.^ — tiij ^,... , Qti^ — a^^ ^ — 2 

— Pq.N (^Qsi.^ — Cli^^ . . . T Q Si ^ — ai^^ — Pq^N (.Q Si — Op,... , Qsm — ^m) • 

H 

2.4. Thermodynamic limit. An Ising model (A^v, Oat, t/iv) has two pa¬ 
rameters A and N and this model generates the associated probability space 
(0, Sat, Pa,a)- Let us see what happens when N ^ 00 . Clearly, the finite cube 
A AT transforms into the lattice Z" and Oat transforms into O. 

For any finite subset T of IT we denote 

Qt = Qt- 

teT 

Theorem 2.1. There exists a positive constant (depending only onv) sueh 
that if |A| < Cl/, then the following hold. 

1. For any ti,t 2 ,... ,tm, € h" the limit lim , Qt^, •.. , Qtm)>' n exists. 

A —>00 
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2 . For any finite subset T of IF the limit /(Qt) = lim {Qt)\n exists. 

Af->oo 


Proof will be given in subsection 15.II 

Definition 2.4. Assume |A| < C,y. The limiting probability space (Jl,Ti^P\) 
is defined as follows. 

1. As before, Vt = {ui \ ui ■. IF ^ {—1; 1}} ■ 

2. The sigma-algebra E of events consists of all countable unions of the sets: 

Mt,a = {w e n I ioifi) = ai,... , uj{tm) = am} 

for all pairs of sets T = {ti,t 2 ,.-- j^m} C I'' and A = { 01 , 02 ,... , 0 ^,} C 
{—1,1}, m>0. It is sufficient to take only A C {—1,1} because for other 
A c M, Mt.a = 0- 

3. For any pair of T = {ti,t 2 , ■ ■ ■ , tm} C I'' and A = {oi, 02 ,... , o^} C 
{ — 1 , 1 } we define the probability of Mt,a by the following: 

PxiMT,A)= ^ ^ /(qto n (4) 

T'CT {i-.tieT\T>} 

where / is defined in Theorem 12.11 21 and k is the number of oi S A that equal 
- 1 . 

The formula (|4]) is given in [ 6 ]; it generates the probability measure P\ on all 
events in E, which is called the limiting Gibbs measure. 

This completes the dehnition of the limiting probability space. 

Definition 2.5. The thermodynamic or macroscopic limit of Ising model with 
parameter A is the lattice I'^ together with the limiting probability space as 
defined in Definition [211 

Clearly, {Qt | t S Z®"} is a random held on the limiting probability space. We 
denote (•,... , •)a the semi-invariants with respect to the limiting Gibbs measure 
Px- 

Theorem 2.2. Suppose |A| < Cjy, where Cu is the constant from Theorem \2. 1\ 
Then the following hold. 

1. For any finite subset T ofl’': 

lim {Qt)x,n = {Qt)x- 

N—^OO 

2. For any ti,t 2 , ■ ■ ■ Am &'FF: 

lim (Qtj, Qtj I • ■ • j Qtm)x,N = {Qti I Qt 21 ■ • ■ ^Qtm)x- 
N^oo 


Proof. 1. The proof uses (|4]) and is similar to the corresponding proof in [6], 
pg. 2 (a probability measure and its semi-invariants can be dehned through each 
other). 

2. This follows from part 1 by the dehnition of semi-invariant. H 
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2.5. Renormalization group. The following concept was introduced by 
Kadanoff [3]. 

Definition 2.6. Fix a natural number k > 1 and a real number a'^ v. 

1. Define a mapping —>■ W as follows: 



where [x] denotes the integer part of a real number x. For any point r G Z*^ 
there are k'' points that are mapped into r by G^. 

2. A renormalization group (with parameters k and a) is a transformation that 
assigns to each random field {Xt \ t G Z^} another random field | r G Z*^} 

given by: 

^ Xt. (5) 

The renormalization group is a scaling transformation. It allows to study the 
physical system at different distance scales, such as atomic and molecular levels. 
Details of its physical interpretation can be found in [4]. 

We are interested in the distribution of the result ly of the renormalization 
group transformation of the field {Qt \ t G Z"}. 


§3. The central limit theorem for Ising model. First we introduce some 
notations. We use letters b,c,d,... for finite ordered sequences (or in short, 
sequences). For a sequence b = (Ti ,... , T„) we denote |&| = n. 

Definition 3.1. 1. A family (of elements of a set 21) is a set of pairs 
a = {(Ti, ni),... , (Tm, nm)}, where Ti,... , Tm are distinct elements of 21 and 
Ui ^ 1 for each i = 1,... ,m. 

2. The number Ui is called the multiplicity of element Ti in the family a. 

3. We denote the length of the family a as |a| = ni + n 2 + ... + Um and 

a! = ni! • 112 ! • ... • Um! 

4. When Ti,... , Tm are sets we denote: 

m 

a=\jT,. 

i=l 

We use letters a, /3, 7 ,... for families. The same elements Ti,... ,Tn can 
be represented as a sequence or a family. 

Definition 3.2. 1. Any sequence b = (Ti,... ,r„) reduces to a family: 

{(ri,ni),... ,{Tq,nq)}, 

where Ti,... ,Tq are the elements Ti,... ,r„ written without repetitions, and 
each Ui is the number of times that Ti is repeated in a; ni + ... + = n. 

Tl\ 

For each family a of length n there are — sequences that reduce to a. 

a\ 
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2. For any family a 
sequence: 

a 


Then a reduces to a. 

The set R of all pairs of neighbouring nodes in Z" was dehned in subsection 
2.2. Denote i?* = {7 | 7 is a family of elements of i?}. 

Definition 3.3. Consider a sequence b = ■ ■ ■ ,tm) of points in Z'^ and 

a family 7 G i?*. 

1. Consider also the associated sequence 7 = (Ai, A 2 ,... , An). 

The associated graph of b and 7 is defined as follows: 

its edges are ^ 1 , GI 2 ,... , 

the set of its vertices is {ti, ^2 • ■ • , tm} U U”=i 

2. We say that the family 7 connects the sequence b if the associated graph of 
b and 7 is connected. 

Definition 3.4. For any A = {r, s} € R we denote = QrQs', the function 
represents the interaction between the neighbours r and s. 

The set | A G i?} is called the potential. 

Notation. Suppose b = (ti ,<2 ■ • • Am) is a sequence of points in 7 G i?* 
and the associated sequence 7 = (^ 1 ,^ 2 ,... , p 1„). Denote 

{Qb^ '^’ 7)0 = {Qti, Qt2, • ■ • ) A 2 ) ■ • ■ j ‘i’A„)o- 

Denote 0 the origin in the lattice Z'': 0 = (0,0,... , 0). 

Theorem 3.1. (Main Theorem) Consider the thermodynamic limit of the 
Ising model with parameter A. 

Suppose a renormalization group with parameters k and a transforms the ran¬ 
dom field {Qt I t G Z'^} into a random field | r G Z'^}. There exists a 

positive constant C such that for any |A| < C the following hold. 

(k) 

1 . Suppose a > v. Then the field Y) —>■ 0 in mean square as fc —>■ 00 . 

2. Suppose a = V. Then as k ^ 00 , the field {Yr^'^ \ r G Z'^} converges in 
distribution to an independent field with Gaussian distribution (i.e. any finite 
subset of the field has a multivariate normal distribution). Each of the variables 
of the limiting field has 0 expectation and the positive variance given by: 

00 

C = 1 + ^ A” 14 , where each 14 = ^ ^ —(Qoi Qt, ^ 7 ) 0 - 

"=i 7eR*, * 67 , _ 

|^|=n, 7 connects ( 0 ,t), 

7 connects ( 0 ) 

Proof will be given in Section 5. 

The classical central limit theorem considers a sequence Xi,X 2 ,X 3 ,... of 
independent, identically distributed random variables with finite variances and 


= {{Bi,ni),... ,{Bq,nq)} we can define an associated 

/ 

Bi , . . . , Bi , . . . , Bq , . . . , Bq 


\ '1^1 times jiq times 
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states that as n 


oo, their normalized sum ~ m) converges in 

y n 


distribution to a normal random variable. 

Theorem 13.II can be considered as a generalization of the classical central limit 
theorem, in some sense. Instead of a sequence of random variables we have a 
sequence of random helds {Yr^^ | r £ on a multi-dimensional integer lattice. 
The variables Qt are identically distributed (each has Bernoulli distribution). 
They are weakly dependent because |A| < C and A characterizes the strength of 
the interaction. 

Like the classical central limit theorem, Theorem 1X1121 also considers a nor¬ 
malized sum, that is the sum divided by square root of the number 


k'^ of addends in the sum. Theorem l3.1l 2l states convergence in distribution and 
that the limiting distribution is normal but in this case it is the distribution of 
an independent normal field. In other words. Theorem 13.11 21 states: in systems 
with weak interaction the distribution of the normalized sums over big regions 
is approximately independent and normal. 


§4. Estimation of dependencies. 

4.1. Estimation Theorem. The proof of the central limit theorem in Sec¬ 
tion [5] is based on estimations of semi-invariants. In this section we prove an 
inequality lTheorem l4.1l) . which will be applied to estimating semi-invariants. 

In this section we fix a set 21 and a reflexive, symmetric binary relation on 21. 
If T, i? £ 21 are in this relation, then we say that A and B are linked. Thus, A 
is always linked to A (reflexivity). If A is linked to B, then B is linked to A 
(symmetry). 

We assume that there exists a constant L such that each element Al £ 21 is 
linked to at most L elements in 21. We hx this constant L. 

Definition 4.1. For a family a = {(Ti,ni),... , (Tm,nm)} of elements of 21 
and any j = 1, 2 ,... , m we denote 

v{Ti) = Va{Ti) = ^ Uj. 

{j^M'.Tj is linked to T^} 


This sum has at most L addends. 

The following property of natural logarithm will be used in proofs later: 

for any a; > 0 : ln(l Y x) < x. (6) 

In probability terms, the following theorem estimates the number of pairwise 
dependencies in a random field. This theorem is similar to the theorem in [6], pg. 
59, estimating the number of intersections. The theorem in [6] has a stronger 
conclusion. Our theorem has a simpler proof by induction and more general con¬ 
ditions: it is stated for an abstract symmetric binary relation while the theorem 
in [6] is stated for a particular binary relation (when two sets have a non-empty 
intersection in a countable metric space). 
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Theorem 4.1. (Estimation Theorem) Denote Cl = InL + L^. For any family 
a = {(Ti,ni),... , (Tm,nm)}, the following inequality holds: 

mm m 

Inn* > '^n^\nVa{Ti). 
i=l i—1 i—1 


Proof. Denote M = {1, 2, ... , m}. In the proof for brevity we will write C 
for Cl and Vi for Va(Ti). Denote 

mm m 

/(«) = c E Ui + E Uilnni and gja) = Uj hryj. 

i = l 2=1 2 = 1 

Thus, we need to prove: 


/(a) > g{a). 


(7) 


The proof is by induction on fc = niax{ni,... , Um}- Clearly, for any i G M : 

Vi ^ kL. ( 8 ) 

Basis of induction: k = 1. Then each ni = 1 and Vi ^ L. So 


/(a) = C 1 + 1 In 1 = Cm = m(lnL + L^) > minL = InL 

2=1 2=1 2=1 

771 

^ Elnui = 5(a)- 

i=l 

Inductive step. Assume that (O holds for k (k ^ 1). 

Consider a family a = {{Ti,ni),... , (Tm,nm)} with max{Ri,... ,nm} = 
fc + 1. For any i G M denote = min{ni,fc}. Define a new family a' = 
{{Ti,n [),and denote u' = Va'{Ti). 

For this family max{n']^,... , = k and for any i G M, 

<= E 

is linked to Tj} 

So by the inductive assumption: 

f{a')>g{a'). (9) 

It is sufficient to prove: 

f{a)-f{a')>g{a')-g{a'). (10) 

Adding the inequalities ([5]) and (ITUl) we get /(a) > g{a). 

Proof of (ITU)) 


/(a) - f{a') = C'^m + ^ni\nni - 
2=1 2=1 




E^ 


i Ini 


m m 

= C ^(rii — n'i) + Inm — n'i Inn'). 

i=l i=l 


Denote I = {i G M \ ni = k + 1}. 
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For i G I : rii = k + 1, n'^ = k, rii — n'^ = 1 and 

rii Inrii — n[ Inn' = (fc + 1) ln(fc + 1) — k\nk = ln(/c + 1) + fc[ln(fc + 1) — Infc] 

= ln(A: + 1) + fc In + —^ . 

For i € M \ I : n[ = rii, Hi — n[ = 0 and rii In rii — n' Inn' = 0. 

Denote |/| the number of elements in the set I. So 


/(a)-/(a')=C^l + ^ 


ln(A: + 1) + fcln ( 1 + 


iei iei 

\n{k + 1) = \I\C + \I\ ln(fc + 1) = I J| [C + \n{k + 1)] 

ie/ ie/ 

= |/| [inL + + \n{k + 1)] = |/| [ln((fc + 1)L) + L + - L] 

= |/| ln((/c + 1)L) + \I\L + \I\L{L - 1). 

Denote V = {i G M \ v'^ < Vi}. Clearly, / C V. Next we prove the following 
three inequalities: 


ie/ 


iev\i 

If (fTTl) . (fT^ and (fT^ are proven, then 


t y^ln Vj] 

( 11 ) 

i&I 


- E^ln^o 

( 12 ) 

iGl 


“ E 

(13) 

iev\i 


^ fc In u - + m In Vi — 

E 


ie/ 


i€l 


iei 


i&V\I 


i&V\I 


= + 1) Inui + ^ mlnvi— ^n'lnn'+ ^ n'^lnvl 


i&I 


iev\i 




iey\/ 


= ^Tiilnui - ^n' Inu' = g{a) - g{a'), 

since for z € /, = A; + 1, n' = A:, and for i G M \ V, n'^ = rii and = Vi. That 

proves m- 

Proof of (ITTIl 

By ([5]), Vi ^ {k + 1)L and 

In(ui) < In ((fc + 1)L) = |/| In {{k + l)L). 


iei 


i€l 
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Proof of (IT^ 


Since Vi — v[ = [nj — n') ^ L, we have t>i ^ d' + L. 

{jGM:Tj is linked to T^} 

For i G I, v'^ ^ n'^ = k, and using we get: 


fclnl 


f,- 


L 


L 


L 


= fcln 1 H—- < k— ^ k— = L; 

' Vi J Vi k 


that is fcln 


(t) 


< L. So 


k\nvi — fclnu' = fcln f —^ j < L = \I\L. 

iGi iei iei jg/ 

Proof of (irni) 

For i G V \ I, n'^ = Hi. By dH]) and since < u- + L, we have: 

Ui In Vi — n' In v[ = ni In Ui — rii In u ■ 

iGV\i iev\i iev\i iev\i 


iey\/ ^ iey\/ 


+ i 


= y^ rii In I 1 
i&V\I 


< y^ rii—^ y^ rii—= L P \/ , since u'^ n-= rii for z e P \/. 

—' Ui 

i€V\I * i&V\I 

It remains to prove that |P\/| ^ |/|(L — 1), which is equivalent to: 

|P| < \I\L. (14) 

Proof of (ITU) 

Denote P = {j G P | Ti and Tj are linked}. Then |p| ^ L. 

Vi, then no vertices Ti with i G I are linked to Tj and u' = Vj, so 
j ^ V. Therefore 

P c U p and |P| <; y] |P| P y] L = \I\L. 

i^I i^I iGl 

This completes the proof of Theorem 14.11 H 

4.2. Application of the Estimation Theorem to semi-invariants. In 

this subsection two subsets A, B of are said to be linked iS AD B ^ 0 and 
21 is a set of finite non-empty subsets of Z". We assume there exists a constant 
L such that each A S 21 is linked to at most L elements of 21. 

Lemma 4.1. Denote Ci = 3Le^ For any family a of elements of ^ with 
the associated sequence a = (Ti,T 2 ,... ,Tn): 

|(n Q*’ n Q*’-- - ’ n 

teTi teTa teT„ 
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Proof. For brevity we denote the left hand side of this inequality by H. 
We can write the family a in the form a = {(Ti,ni),... ,(Tq,nq)}. Then 
ni + 712 + ... + rig = n = |a| and a! = ni\ ■ 712! • ... • 77g! 

Theorem 1 on page 69 of [6] implies that: 


q " q 9 q 9 9 

MTj )=I n =I n 




2=1 


2=1 2=1 


= -3HJ^(z;(r,))"\ (15) 


2=1 


By the Estimation Theorem (Theorem 14.1^ : 


In [ (^(Ti)) ' ] = ^njlnr;(ri) < CL^n^ + In rij 

i=l 

Q 

= CL\a\ Inm, 


\i=l 


2=1 


2=1 2 = 1 


2=1 


where Cl = InL + So 

TT 


= e— 

2=1 


fc!e^ 


By Stirling’s formula, for any natural number k: , where 


OkV^Trk ’ 


1 < < e; so ^ -k\e^. Then by (fTSl) : 




i=l 


i=l 


= (3Le^'e)l“la! = (3Le^'+i)l“la! = {Ci)l“la! 


§5. Proof of the central limit theorem for Ising model. 

5.1. Proof of Theorem 2.1. In this subsection we prove a series of lem¬ 
mas about estimates and limits of semi-invariants, and we use these lemmas in 
subsections 5.2 and 5.3 for direct proof of the main theorem. 

The following lemma is mentioned by several authors without a proof or with 
a complicated proof. Here we provide a short, simple proof giving an explicit 
value for the estimation constant. 

Lemma 5.1. Denote C 2 = Fix a sequence b = (ti,... ,tm) of points in 
IF, m F 1, and a natural number n ^ 1. The number of families 7 G i?* such 
that I 7 I = n and 7 connects b, is not greater than (( 72 )". 

Proof. Consider the associated sequence 7 = (Ai,... , A„) and the associ¬ 
ated graph G of b and 7 . A new graph G' is obtained from G by adding for each 
7 = 1,... , 77 , an extra edge A' that has the same ends as Ai. Then each vertex 
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in G' has an even degree and hence G' has an Eulirean path, that is a closed 
path which includes every edge of the graph exactly once; the length of such a 
path is 2n. 

Therefore the number of the families with jyj = n that connect 5, is not greater 
than the number of paths with 2n steps through ti,... ,tm going along edges 
of the lattice Z". There are at most 2iy directions at each step. Therefore the 
number of such paths is not greater than = (C 2 )"' for C 2 = H 

Lemma 5.2. Suppose Ai,A 2 , ... ,An G R and t G lA . Then 

,$A„)o =0. 


Proof. Denote M = {t, Ai, A 2 ,... ,A„} the set of indices, where repeated 
elements are counted separately and each Aj = {rj, Sj} C 'Z". By the definition 
of semi-invariants, 

{Qt, , $A„)o = - l)!(Qt • $Si)o($S 2 )o ■ • ■ ($s.)o, 

a 

where the sum is taken over all partitions a = {{t} U 52 ,... , 5^} of M; each 
Si C {Ai, A 2 ,. ■. , An}; without loss of generality we can assume that t belongs 
to the first set in each partition. We will show that each addend in this sum 
equals 0 . 

In partition a. Si has the form: Si = {Aj-^,... ,Aj^},q A 0. The addend 
corresponding to a contains this multiplier: 

{Qt ■ $Si)o = {Qt ■ • ■ • ■ ■ 

= {Qf{Qr,, ■Qsi,)-...-{Qri^-Qs,^))o=0 

by Lemma 12.51 61 because the number of multipliers in the last product equals 
2g -I- 1, which is odd. This completes the proof of the lemma. H 

Lemma 5.3. Suppose b is a sequence of points in ZA, 7 S i?* and 7 does not 
connect b. Then {Q^, = 0. 

Proof. Consider the associated graph G of & and 7 . Since 7 does not connect 
b, we have G = Gi U G 2 , where Gi and G 2 are disjoint graphs. Without loss of 
generality we can write: 

b= {ti,... ,tk,si,... ,si) and 7 = {Ai,... ,Am,Bi,... ,Bn), 

where Gi corresponds to (ti,... ,tk), {Ai ,... , Am) and G 2 corresponds to 
(si,. . . , 5/), (Bx, . . . , Bn)- 

By Lemma [2?5] 21. the random vectors (Qq,... , Qtk,^Ai , • ■ • , ^A^) and 
{Qsi ,. ■. , Qsi ■ ■ ■ T^Bn,) are independent. So by Lemma 12.11 21 : 

(Qbi ‘i’ 7 )o = {Qti,- ■ ■ , Qtk,^Ai, ■ • ■ , ^Ar„,Qsm ■■ ■ , Qsn^Bi,- ■ ■ , ^B„)o = 0 . 

H 

Lemma 5.4. Suppose f : Z’' ^ is a bijection preserving distances. Suppose 
ti,. ■ ■ Am GZ'^ and Ai,. ■ ■ , An G R, where each Aj = {rj, qj}. 

Denote st = f{ti), i = 1,... , m, and Bj = {firj),f{qj)}, j = 1,... , n. 
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Then the random vectors {Qtii ■ • ■ , , ‘i’An) and 

(Qsi, • ■ • , Qsm■ ■ ■ ; ^’Sn) have the same distribution with respect to measure 
Po,N- 

Proof. Since / preserves distances, we have p{f{rj),f{qj)) = 1 for any j = 
1, ... ,n. The lemma follows from Lemma 12.61 because for any A = {r,q} and 
a S {— 1 , 1 } we can write: 

P{^A = a) = P{Qr ■ Qq= a) = P{Qr = l,Qq = a) + P{Qr = -1, Qq = -a). 

H 

Lemma 5.5. Denote L = 4j/ + 1 and C 3 = 3Le^ For any sequence b = 
(ti,... Am) of points in TT and any family 'y G R*: 

KQ^,<i>;)o|^(C 3 r+l^l ml 7 ! 


Proof. We define a set 21 = i? U {{t} | t G So 21 is a set of finite non¬ 
empty subsets of . Any element of the form {t} is linked to itself and to 2i/ 
elements of the form {t, r}, so the total is 2i/ + l. Any element of the form {r, s} 
is linked to elements {r}, {s}, 2 i/ elements of the form {r,t} and 2 i/ elements 
of the form {s,t}, so the total is -|- 1 (because the element {r,s} is counted 
twice). Thus, each element of 21 is linked to at most L elements and we can 
apply Lemma l4.II 

Consider a sequence b = (ti,t 2 ,-- - Am) of points in IT and 7 G R*. Let 
ti,t 2 , ■ ■ ■ ,tq be the points ■ Am written without repetitions. 

Denote /3 = {({ti}, m) ,... , ({t,}, n, )}. Then ni -I- n 2 -|- ... -I- = m and 

ni!n 2 !... Uql ^ (ni -|- 77,2 -I- ... -|- nq)\ = ml. Denote a = /3 U 7 . Then a has the 
form a = ({ti},... , {tm},Ai, ... A^), where 7 = (Ai,... A^). 

Clearly, |a| = m -|- I 7 I and a! = ni!n 2 !.. .nqljl A mly!. 

For any z = 1, 2,... , r, OtGA- Qt ~ So by Lemma HTTl 




( Qt,--- , Qt, Qt,--- , Qt)o 


A (C3)l“la! 


< (( 73)^+171 


This completes the proof of the lemma. H 

In subsection 12.21 we introduced the set of all pairs of neighbouring nodes in 
the cube A^: Rjsf = {{s,t} | s,t G An & p{sA) = !}■ 

Denote R^ = {7 | 7 is a family of elements of Rn}- The following lemma 
describes a connection between the semi-invariants with respect to the measures 
P\,N and Po.A- 

Lemma 5.6. Denote Cy = , where C 2 and C 3 are the positive constants 

2C2C3 

from Lemmas \5.1\ and \5.5l respectively, depending only on v. Suppose |A| < C^. 
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Then for any K ^ 1 , sequence b = (^1,^2, • ■ • of points in Kk and N ^ K: 

00 - 

(Qi,)A.iv = E^" E ( 16 ) 

n=0 {tE-RnItH"} 

The inner sum can be taken over the families 7 that connect b. 

The series in the formula (USD converges absolutely and uniformly for all N ^ 
K. The semi-invariants on the right-hand side are with respect to measure Pq^n 
and do not depend on N, due to Lemma \KR 3 ). 


Proof. Suppose |A| < Cv Fix a sequence b = {ti,t2, ■ ■ ■ , tm) of points in Ak 
and N ^ K. Semi-invariants with respect to Gibbs measure can be expanded 
in Taylor series; the proof was given in [6], pg. 34 . In our case the Taylor series 
has the form: 


{Qf))x,N — {QtitQt^i •'' iQtm) x,N — ^ ^ j" {Qt \•)Qt2t • ■ • iQtm-! ■ • • •> ^)o? 


n=0 


( 17 ) 


where W = J^agRn consider the Taylor coefficients: 


^N,n — t {Qtn Qt 2 -! ■ • ■ 7 Qtjnt i l^)o 

nl V V 

n times 

= E - E {Qti,Qt2T ■ ■ ,Qt^AAi,^A2,--- (18) 

Ai^Rn A2^Rn AnGRN 

Then the Taylor series for the semi-invariant has the form: 


{Q’b)\,N = E 


aN,i 


(19) 


n—0 


Consider any Ai,A2,--- ,An G Rn- This sequence can contain repeating 
elements. Denote the corresponding family 7 = {{Ai,ni ),... , {Aq,nq)}. There 


n\ 


are — ordered sequences (Ai, AI2,... , An) that reduce to the same family 7 of 


7! 


length n. Therefore (I 18 p can be written as: 

'." = v E u<<3i> «•;>•= E Awi.7) 




nl ' 7! 

{76Rw:|7l=»i} 


{76Rn17|="} 


7! 


In this sum we can take only the families 7 that connect b because for others 
the corresponding addends equal 0 by Lemma 15.31 By Lemma 15.11 the number 
of such families 7 is not greater than ((72)". 

By Lemma ISAl for each 7: |(( 5 (,, )o| ^ m! 7! If I7I = n, we have: 


|A"a^.„| ^ |A|" ^ 

{7eRNl7l=>^} 




^ |A|"((72)”(G3)'"+" m! 

= (C'3)’" m! |AC 2 C 3 r 
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Since |A| < Ci,, then each |A"'aAr,n| ^ (Cs)™ rnl 2“". So the series (fTOl) 
converges absolutely and uniformly for all N ^ K. This completes the proof of 
the lemma. H 

Lemma 5.7. Suppose |A| < C^, where Cn is the constant from Lemma \5.6l 
Then for any sequence b of points in TT the following limit exists and 

OO ^ 

n—0 { 7 £i?*:| 7 |—n} 

On the right-hand side the series converges and the inner sum can he taken 
over the families 7 that connect b. 

Proof. Suppose |A| < C^. Let us fix a sequence b = {ti,... , tm) of points in 
Z". There is a sufficiently big K such that ti,... ,tm G ^k- By Lemma [5.61 for 
any N ^ K : 

00 .. 

n=Q d 

and the series conversges uniformly for all ^ iL. Therefore 


lim 

AT—)-oo 




VA" lim y 

^ N^oo 1 ^ 


n—0 


^{7e^i5,:|7l="} 
1 


7 ! 


j(Qb,y)o 


= E E ^ 7)0 and the 


senes converges. 


7,-0 {7Gi?*:|7|=n} 


H 


Proof of Theorem 12.11 

The constant was defined in Lemma |5. 61 Part 1 follows from Lemma 1^:71 
Part 2 follows from part 1 and Lemma [2. 11 31. 

Theorem 12.21 follows from Theorem 12.II as shown in Section 2. 


Corollary 5.1. Suppose |A| < Ci,, where Cn is the constant from Lemma 
15.61 Then the following hold. 

1. For any sequence b = (ti,t 2 , ■ ■ ■ ,tm) of points in IT: 

00 

(Q6)a = E^" E yo- 

n—0 {7efi’*:[7|—n} 

On the right-hand side the series converges and the inner sum can be taken over 
the families 7 that connect b. 

2. For any ti,t 2 ,... , tm £ : {Qti,Qt 2 , ■ ■ ■ = 

yn ^ ^ ^ 

= E 77 E E E {Qu,Qt 2 ,--- ,$A„)o- 

n=0 ■ AieRA 2 &R A^^R 

The series on the right-hand side converges. 

3. For any t G IT, {Qt)\ = 0 and {Qt, Qt)\ = 1- 
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4- Suppose f -.1/ ^ 1/ is a bijection preserving distances. Then for any 
ti, ■ ■ ■ , tm G 


{Qti ^ - T Q fitru)} 

5. Fix a and define g -.1/ ^ IT by the following: g{t) =t — a. 

Suppose a renormalization group with parameters k and a transforms the ran¬ 
dom field {Qt I t G into a random field {Yr'^'^ \ r € Z''}. Then for any 

Ti,... ,TmGZ'': 




(k) 

9('ri)’ 




Proof. 1. It follows from Theorem 12.21 21 and Lemma 15.71 

2. It is proven by re-arranging the sum in part 1, similarly to the proof of 
Lemma 15.61 

3. By part 2: 


\n f _ _ _ 

= E E - E 

n=0 lAieRA 2 GR A„GR 

since each addend equals 0 by Lemma [521 

Since = 1, then (Qt, Qt)\ = {Ql)\ - i{Qt)\)'^ = 1 -0=1. 

4. Define a transformation F by: F{{r, g}) = {/(r), f(q)}. Denote Si = f{ti), 
i = 1,... ,m. By part 2 and Lemma 15.41 


,$A„)o > = 0, 


(Qii,-- - ,QtJx = Z! “TI Z Z ,$aJc 


n\ , 

n=0 KAi£R An€R 


_^ ^ ^ 

= Z E7 1 Z ••• Z - ,$f(a„))c 


n=0 (AieR AnGR 

OO \ ^ ( 




n! , 

rt=0 tSiGR Bn^R 


— (Qsi, ■ ■ ■ , Qs^)x 


because F is a bijection on R. 

5. Fix Ti,... ,Tm G TT. Define / : Z^ —>■ by the following: /(t) = t — ka. 

Then / is a bijection preserving distances. Clearly, for any i = 1,... ,m: 


Gf\9{n)) = {f{t)\tGGf\T.)}. 


(20) 
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By the definition of renormalization-group, we have: 


' 9 (^ 1 )’ ■ ■ ■ ’ 

= {k-^/^r E E 
= [by (uni)] = E E (Qfiti),---,Qf{t^))\ 

= [by part 4] = E ■ • • E ^*5*1 ,■■■ ,QtJ\ 

= (r«,... ,fW)a. 


H 


5.2. Finding the limiting variances. 

Lemma 5.8. For any 0 < x < — the following hold. 
1. For any Z = 0,1, 2,..., 


the series E] ~ 0^^" converges and E] ~ 0^^" = 


G-\-l 


2 . For any m = 1,2,..., 




(1 — ' 


the 


E](^ + l)™ ^3^" converges and E](^ + l)™ ^ q -im+T' 

n —0 n =0 ^ 


Proof. 


1. E = [substitution A: = n — Z — 1] = E^^ 

n —/+1 k —0 




k =0 


\. k =0 


1 


1 — X 


= x'+^ 


(1-X)2- 


2. For each n, (n -|- 1)™ ^x" ^ {n + l)'"x” ^ (n -|- l)(u -|- 2)... (n -|- to)x” = 


_ ^ Since each of the series Xto (^*) absolutely and 

then 


uniformly converges on 


0’2 


(m) 


n —0 z =^0 

(m) 


0=0 


1 — X 


(m) 


because for i < m, (x*) = 0. It is easily proven by induction on m that: 

1 \ (^) I 

1 \ ' m .\ 


1 — X 


(l-x) 


m +1 
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So the series + 1)™ converges and 

OO I 

y (n + ■ 

(1 - 

H 

In the following theorem we derive explicit expressions for the limiting vari- 

(k) 

ances of Iv . This theorem is interesting by itself and also becomes a part of 
the direct proof of the Main Theorem in subsection 15.31 


Theorem 5.1. Denote C = mini , I, where C 2 and C 3 are 

[ 26 2C3 8C 2(C3)'^ J 

the positive constants from Lemmas \5.1\ and \5.5[ respectively, depending only on 

V. 

Consider the random field | r G from the Main Theorem (Theorem 

ro) and a = V. Then for any |A| < C and t ^ IT : 

00 

hm (ry )a = 1 + y 

k—¥CC) ‘ ^ 

n —1 

where the series on the right-hand side converges and 

eachVn= y y ^(Qo>Ooy)o- 

7 eR*, *67, _ 

I’yl—n, 7 connects (0,i), 

7 connects (0) t^O 


The limiting variances are positive and do not depend on t. 


Proof. Suppose |A| < C. Then |A| < Cy, where Ci, = is the constant 

2C2C3 

from Lemma l5.61 

Fix T ^ IT. Define g -.1'' ^ I'^ hy the following: g{t) = t — r. Then ^(r) = 0. 
By Corollary 15.II 5b 


(py ,yy)A = = y 


(^) ■v^(^) 


0 




Therefore it is sufficient to prove the theorem only for r = 0. For n ^ l,s G I'^ 
denote: 

Vin,s)= y y l(Q„Q,,$;)o. 

7eR*, *67, 

y|=n, 7 connects (s,t), 

7 connects (s) 


First we prove: 


for any s S I'',V{n, s) = V{n, 0) = V^. 


(21) 


To prove ((2T]) . fix s G I'^. Define f(t) = t — s and 
-F({D,r 2 }) = ({/(d),/ y)})- Then f{s) = 0. 


Define h : R* ^ R* hy the following: 
for 7 = {{Ai,qi),... , (Am,qm)}, h{y) = {{F{Ai),qi),, iF{Am),qm)}- 
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Clearly: 


/i(7)! = 7! ; 


(22) 


{/3 G i?* : |/3| =n,l3 connects (0)} 

= {/i( 7 ) : 7 G R*, I 7 I = 11,7 connects (s)}; (23) 


{r G : r ^ 0, h(j) connects (0, r)} 

= {f(t) : t € "f,t ^ s,j connects (s, t)}. (24) 

Using (I22ll - (l24ll and Lemma [531 we get: 

K = U(n, 0 )= ^ 

j 

l ^|—"^5 _ /3 connects ( 0 ,r), 

/3 connects ( 0 ) r^O 

— ^ /i( 7 )! 

^(7) connects ( 0 ,r), 

7 connects (s) 

7eR*, *67. 

l-yl^n, 7 connects (s,t), 

7 connects (s) 

= X! X! ^(Qs>Qt:^7)o = ^(*l,s)- 

7 GR*, *67, 

|7|=n, 7 connects (s,t), 

7 connects (s) 

This completes the proof of ([ST]). 

If 7 connects (s) and I 7 I = n, then 7 has at most n + 1 points. So the second 
sum in V(n, s) has at most n addends. Using also Lemma 15.11 for b = (s) and 
Lemma [5.51 for b = {s,t), we get: 


in»..)i« E E 7 

7 connects (s,t), 

7 connects (s) 


{Qs, Qt, ‘&)),)o 


^(C2)-.n.l(C3)2+”2!7!, 

7 ! 


|U(n,s)K2(C3)2n(C'2C3)7 


Since V{n, 0) = 14, we have by (1^ : 


n=l 


4 2(C3)2^n|AC2C3r 

n —1 


2(43)^ 


IAC 2 C 3 I 
(1- IAC 2 C 3 I)" 


(25) 
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by Lemma EiHll) for I = 0. Since |A| < , we have |AC' 2 C' 3 | < - and 

2 G 2 C 3 2 


i:a“k 


n=l 


<b!™=|A|8C.(C,)3<l,s„ 
^ ~ 2 


IiA”r„ 


n—1 


< 1 . 


For n ^ 1, s S Z*" denote 


W{n,s,k)= Y. E 


7efl*. teG-bO), 

7 connects (s,t), 
7 connects (s) t^s 


If 7 connects {s,t), then t G 7 , so similarly to (1^ we get: 

|LF(n,s,fc)K2(C3)"n(C2C'3)". 

Using the definition of renormalization-group, we get: 


(26) 


(27) 


= ^ ^ {Qs,Qt)x 

s^Gf^ ^(0) i^Gf^ ^(0) 

= fc-" ^ {Qs,Qs)x + k-' Y iQs,Qt)x. 


seG~bo) 


s,tGGf^ ( 0 ), 
t^s 


For any s G {Qs,Qs)\ = 1 by Corollary 15.11 31. There are k'' points in 
Gfc-'(O). So 

(iGW,y_W)^ = fc- ^ i + fc- ^ {Qs,Qt)x 


s,t^Gf^ ^ ( 0 ), 


t^s 


= i + k-' Y (Qs,Qt)x- 


s,tGGf, ( 0 ), 
t^s 


By Corollary 15.11 1) for h = (s^t): 

(ygW,lGW), = i + fc- ^ ^A" ^ 


s,teG^bo)."'=i T'efl*. 

t/s \l\=n, 

7 connects (s,t) 


7 ! 


7 (Qs, Qi, ^’X)o- 
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For 7 connecting (s, t) the length \^\ = 1, so the summation over n is taken 

from 1. Let us change the order of summation in this series: 


OO ^ 

T. Y. T. 

sGG-^(O) ieG-^(O), 

I7I —'y connects {s,t) 

7 connects (s) t^s 


By m we have: 


X^k-''W{n,s,k) 

seG-\o) 


< ^ A:-"|AntF(n,s,fc)| 

seG-^(o) 

77 

k‘'k-‘'2iCsfn\XC2C:ir < 


So the new series converges absolutely and uniformly for any k. Therefore the 
series for converges absolutely and uniformly for any k. Hence 


= 1 + ^ A" Y k-^W{n,s,k) and 
seG-i(O) 


lim = 1 + V A” lim Al„.fc, 

c^oo ^ ^ k—¥oo 

n —1 

It remains to show that for any n ^ 1: 

lim An,k 
k—^oo 


where = Y^ k ''W{n,s,k). 
^( 0 ) 

= (28) 


Then lim {Y^’'\y^''^)x = l + Y > 0 by ([261). 

fc —^00 ^ ^ 

n—l 

Proof of (l28l) 

Fix n ^ 1. For k > 2n consider a cube in 

Sn,k = {t = (ri,... , r^) GlYln^ri^k—1 — n for each i = 1 , 2 ,... , v}. 

If 7 connects {s,t), then p{s,t) ^ 71 • So if 7 connects {s,t), 71 = n and 
s G Sn,k, then t G G'^^(O) and t G 7 . Hence for s G Sn,k, W{n,s,k) = V{n,s) = 
Vn by ([HI)- 
Denote 

Rn.,k= Y k~''W{n,s,k). 
seG;^b5)\s„,fc 


Then ^ k ‘"W{n, s, k) + Rn,k = k ''{k - 2nYVn + Rn,k, 

sGSn^k 

since Sn,k contains (fc — 2 nY points. 
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Since ^(0) \ Sn,k contains k'' — {k — 2nY points, by (|?f)) we have: 

\Rn,k\ < ^ k-''\W{n, s, fc)| < ^l^fc^2(C'3)2n(C2C3)" ^ 0 

seG-bo)\s„,fc 

. k''-{k-2nY ^ ^ 

as fc —>■ oo, since linifc_).oo--= 0. So 

k’' 

(k — 2nY 

lim An,k = Vn lim -—-h lim {Rn,k) = K- 

k—^oo k—¥oc k—^oo 


Note: each Vn is a finite sum; explicit expressions for Vn can be found, which 
allows to approximate the limiting variance. In particular, it is easy to show 
that Vi = and V 2 = 2v{2v — 1). 

5.3. Proof of the central limit theorem for Ising model. 

Proof of Main Theorem (Theorem 13.ID . Constant C was defined in 

Theorem 15.11 C ^ = , the constant from Lemma 15.61 Suppose 

2G2C3 

|A|<C. 

By the definition of renormalization-group, for any ri, T2 ,... ,Tm G Z'': 


= (A-“/2)™ ^ ... ^ {Qt,,Qt,,... ,QtJx. (29) 

For m = 1 by Corollary [03); (Tr^^)A = = 0. So we 

have: 

For any t € Z’' : {Y^'^'>)x = 0. (30) 

1. Suppose a > u. 

(k) 

Fix r £ In order to show that iy ' —>■ 0 in mean square, it is sufficient 
to prove that the expectation of equals 0 (proven in (15(71) 1 and its variance 
tends to 0, that is 

lim(y«,r«)A = 0. (31) 

k—¥cx) 

Denote e = a — v. Then e > 0 and a = e -I- By (l29l) . 


(TW,F«)A = fc-“ ^ ^ {Qs,Qt)x 


= k-^k-'' Y. E iQs,Qt)x. 

Theorem 15.11 implies that: 

lim k~‘' Y E {Qs,Qt)x = Const. 

seG^b^)ieG^b^) 

Since lim^^oo = 0, we get m- 
2. Suppose a = V. 
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First we prove the following formulas and (1551) . 

For m > 3 and any ti,T 2 , . ■. ,Tm € Z" : lim , Y^^)x = 0. (32) 


For any r, 0 S such that t ^ 9 : lim {Y^^\Yg’^'^)\ = 0. (33) 

k—^oo 

Assume and (1331) are proven. The formulas (1301) . (I32L (1331) and Theorem 
15.II determine the limits of all the semi-invariants {Yt^\ Yt^\ ... , Yt^)\ as fc —>■ 
oo. All of the limiting semi-invariants equal 0, except the variances. Therefore 
the random variables Yr ^'^, Yr^, ■ ■ ■ , Yt^ converge in distribution as /c —>■ oo 
to an independent multivariate normal random vector, due to Lemma |2.41 The 
statement about the expectation and variance of the limiting distribution follows 
from (l30l) and Theorem 15.II So it remains to prove (l32l) and (1331) . 

Proof of (15^ 

Fix m > 3 and n,... , G Z*". By (OH)) and Corollary 15. 11 11 we have: 

(yw,... ,r«)v 

oo ^ 

= fc—E E E^” E 

PeG-bn) 

171=71, 

7 connects b 

Here each b = . ,tm)- Let us change the order of summation and denote: 

OO 

Ak = ^ Bn,k, where (34) 

n—0 


Bn,k — E E 

l7l=ra, 

7 connects (ti) 


s - i: 

t2^Gj^ ^{t^) ^('7'Tn) 


(Q&>^7)o 


It is sufficient to show that the series (IMl) converges and limfc_>.oo Ak = 0 . 

ik') (k)\ 

Indeed, that implies that the original series for (17, , ■ • ■ , YrJ)\ absolutely con¬ 
verges, the order of summation does not matter and 

hm (y«,... ,yW)A = o. 

k—¥CiO 

Since 7 £ G^^(ti), there are k'' choices for 7- By Lemma IFTl there are at 
most (G 2 )"' families 7 of length n that connect (ti). 

Next we fix ti and a family 7 of length n connecting (ti). Then there are 
at most n + 1 elements in 7 and 7 £ 7 (* = 2,... , m). So there are at most 
{n + 1 )"*“^ choices for (7, • ■ • , im)- 

By Lemma [531 for each b and 7 with I 7 I = n: KQ),, ‘h)y)o| ^ (^ 3 )"*+" ml 7 ! 

So each Bn,k ^ |A|”fc'^(G 2 )”(n + i)™-i(C' 3 )’"+” ml and 

Bn,k ^ k^C^r ml{n + l)’"-i|AC2G3r. 


(35) 
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Since |A| < 
series J2u=o B 


, then |AC' 2 C 3 | < So by (1^ and Lemma [5^ 2b the 
2 C 2 C 3 2 

n,k converges, the series (l34)) converges and 


Ak < m\^{n + 1 )"^-'|AC 2 C 3 | 


n—Q 


■( 1 - |AC2C'3|r+i 

Since C 2 , Cs and to ^ 3 are fixed we have: 


^ (C'3)'"(to!)2 


( 1 - |AC'2C3|)™+1’ 


0 ^ lim Ak ^ 

k—¥oo 


( 1 -|AC 2 C 3|)-+1 fe^oo 


0 and lim Ak =0- 

k—>oo 


Proof of (1551) 

Fix r, 0 G r 7 ^ 0. We consider four cases. 

Case 1: the first coordinate of r equals 0 and the first coordinate of 9 is 
negative. 

Clearly, for any t = {ti,... ,t^) G G^^(r) we have: 0 ^ ^ k — 1. Similarly, 

for any s G G'jl^{9), si < —1. We introduce cross-sections of the cube 


Di = = ,U) \ h = 1 } ,l = 0,1,... ,k-l. 


Clearly, Gj. ^(t) = Uf=o^ B>i. Next we show: 

if t G Di,s G G^^( 6 *) and 7 connects {t, s), then I 7 I > Z -f 1. (36) 


For t G Di we have ti = 1. For s G G^^{9) we have si ^ —1. So the distance 
between such t and s is not less than l + l. If a family 7 connects {t, s), then the 
length of 7 is at least Z -|- 1. This proves (1551) . 

By dMl): 

k-l 

= ^ ^ = ^ {Qt,Qs)x 

teG^^r) seG^\9) 1=0 ten, 

and by Corollary 15. in '): 

k —1 00 - 

1=0 teDi s^Q-i/g\ n =0 76^*, 

l7l=n, 

7 connects (t,s) 

By (1551) . the sum over n can be taken from I + 1 instead of 0: 

k — 1 oo 

(rw,r«)v = fc-^^^ E E E ^(Q*,Q.,$'7 )o. 

i=0 tGDi sg( 5 -i(e) n=;+l jeR*, 

h\=n, 

7 connects (t,s) 

Let us change the order of summation and denote: 

k —1 CO 

Sk = k~'^'^'^ ^ dn,k, where 

t^Di n—l-\-l 


( 37 ) 
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dn,k — ^ ^ 

| 7 | ^ connects (t,s) 

7 connects (t) 


\n 

Qs, ^’7)0 


It is sufficient to show that the series (1571) converges and linifc_,.oo Sk = 0. In- 
deed, that implies that the original series for {Yt ,Yg ')\ absolutely converges, 
the order of summation does not matter and limfe_>oo(h"r = 0 . 


By Lemma 15.51 if I 7 I = n, then 


{Qt,Qs,^\)o 


^ (C'3)”+22!7! = 2(C'3)"+27! 


Assume 7 G i?* and t G Di are fixed, I 7 I = n and 7 connects (t). Then 
I 7 I ^ n -I- 1. In order for 7 to connect (t, s), the point s should be among the 
elements of 7 with negative first coordinates, and 7 should contain points with 
first coordinates — , 0 , so at least I +1 points of 7 have non-negative 

first coordinates. Therefore there are at most n-|-l — (1-1-1) = n— / choices for 
s. By Lemma 01 there are at most (C' 2 )"' families 7 with I 7 I = n that connect 
(t). So 

dn,k ^ {C2nn - 0 ^ 2 (C' 3 )"+^! = 2 C|(n - l)|AC2C3r. 

7 ! 

Since |A| < ^ , then |AC' 2 C' 3 | < i. By Lemma 15151 11 the series (1571) 

2 C 2 C 3 2 

converges and since Di contains k'^~^ points, we have: 


fc-i 


^ (n-l)|AC2C3| 

l—O 


2(C'3)2 IAC 2 C 31 


■E 


z +1 




2(^3) = 


k ^ ( 1 -IAC 2 C 3 I)" fc(l-|AC2C3| 

2(^3)^ 


■^|AC'2C'3 


1+1 


1=0 


IAC 2 C 3 I 


A:(l-|AC'2C3|)" l-|AC'2C3r 


Therefore limfe_>oo Sk = 0. 

Case 2: the first coordinate of r is greater than the first coordinate of 8. 

Denote a = (ti, 0 , 0 , ... ,0). Then a G lY. Define g by: g{t) = t — a and 
denote t' = g{T), 6' = g(9). 

Then by Corollary 15.11 51. {Yr'^\Yg'^'^)\ = {Y^l^\Yg!^^)x; r' and 9' satisfy the 
conditions of Case 1. Thus, Case 2 is reduced to Case 1. 

Case 3: the first coordinate of r is less than the first coordinate of 9. 

This is reduced to Case 2 by interchanging t and 9. 

Case 4-' the general case. 

Since t 9, they should differ in at least one coordinate, for example, in j-th 
coordinate. The proof is obtained by applying the proofs in Cases 1-3 to j-th 
coordinates instead of the first coordinates. This completes the proof of (1551) 
and the proof of the theorem. H 
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§6. Discussion. In this paper we prove a generalization of the central limit 
theorem to a random field transformed by renormalization group, in Ising model 
with no external field and with a constant strength of interaction. We show 
that as fc —)> oo the resulting random fields W converge in distribution to 
an independent random field with Gaussian distribution. We find the limits 

(k) 

of all semi-invariants of Ye as k ^ oo and apply Carleman’s theorem. In 
particular, we show that all the semi-invariants, except the variances, tend to 0. 
In Theorem 15.II we find an explicit expression for the limiting variance. In order 
to find the limiting semi-invariants, we derive estimations of the semi-invariants 
of the original random field with respect to Gibbs measure. 

We modify the techniques of estimating semi-invariants in Ising model from 
[7] and [6] and apply it to derive a useful expression for semi-invariants with 
respect to the limiting Gibbs measure in Corollary 15.II lb We provide a more 
transparent proof under more general conditions for the inequality about the 
number of links in a set with a symmetric binary relation fTheorem l4.ll) . In this 
theorem and the lemmas about estimations of semi-invariants, as well as in the 
main theorem, we derive explicit expressions for the estimation constants. 

A possible direction for future research is generalization of our theorem to 
other types of Ising model and other types of distribution of the original random 
field. 
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